The Schur group, uniform (distribution) group, Schur index, and Schur exponent are examined in the context of separable group rings of finite groups over commutative rings. 0 1988 Academc Press, Inc.
the connections between 9'(R) and %(R). For each positive integer 12 there is a local field K, such that %!(ti;p)/Y(KI)z C,, where C, is the cyclic group of order n. Let E, be a primitive nth root of unity )n 1. Let R denote a commutative ring with no idempotents other than 0 arnd 1. Let G be a finite group of order n and assume the group ring RG is a separable R-algebra. Note RG is separable over R if and only if n .1 E Units(R). Let M be a finitely generated projective left RG-module and let {.A, . . . . f,) s Hom,(M RI, {x1, . . . . x, } c M be an R dual basis for _kk Following [21] the character x on G determined by M is given by xicik)= 2 f,(gx,), gEG. j=l In [21] it is shown that X~ is independent of the choice of dual basis for M and other properties of xlK are given. Summarizing [21] , let Sz denote the separable closure of R. A separable R-subalgebra S of 52 is called a splitting ring for RG in case SGg 6 End,(P,) (2) i= 1 for finitely generated projective S-modules Pi (16 ids) , where s is the number of conjugacy classes of G. If E, is a root of xn -1 in 51 of order n (a primitive nth root of 1) then R(E,) is a splitting ring for RG so splitting rings exist. Moreover, if we write
and let 2, be the character determined by M,, then after a reordering xi will also be the character determined by Pi so x, is independent of the choice of splitting ring. Moreover, if we let R[x,] be the R-subalgebra of Sz generated by the xl(g) then R [xi] is a finitely generated projective separable R-subalgebra of Q and for each g E 6, x1(g) is a sum of powers df E, (Theorem 2.1 of [21] ).
A separable extension T of R in 52 is called a splittipg ring for xi in case there is a finitely generated projective TG mo@le N, such thaat 1R OT N, g Mi as QG modules [20] . It is clear that if T is a splitting ring for xi then R[xi] E T.
DE MEYER AND MOLLIN
DEFINITION [20] .
The Schur index M&) is min(Rank,r,,,(T)}, where T runs over all splitting rings for x, in a.
Since R(E,) is a splitting ring for RG, R(E,) splits xi for every i (Theorem 1.2 of [21] ) so M&) is finite. Additional properties of M&J and some computations are given in
WI-
As above, let M, be a finitely generated projective OG module determining the character xi. The restriction of the natural epimorphism $I: BG + End, (M,) gives an epimorphism I++~:
A is a separable R[XJ-algebra. Let C denote the center of A and let c E C, c= c r,W), rg E RCxJ ( 
4) gsG
Viewing both sides of this equation as lying in End, (M,) and taking the trace to Sz of both sides we get (since c E 0) where zi = Rank&M,).
If we let R,, = P( l/n, E,), where P is the prime subring of R, then R,G z @i= i End,& Q) for finitely generated projective R,-modules Q. Then SZG 2 @:= i End,,,,(SZ@ QJ so we can assume t = s and 520 Q, g Mi. In particular, letting &, be the quotient field of R, if characteristic R =0 or K,= RO otherwise we get z, = Rank,(M,) = Rank.,(Qi)=Rank,,,(K,@Qi) divides n so we can solve (5) This definition was prompted by the discussion at the end of [18] . 
ProoJ
Let S be a splitting ring for x, in Sz with MR(xj) = Rank,,,,(S). Write Mi = 52 OS P, for some finitely generated projective SG-module Pi. Let 4: SG+ End,(P,) be the homomorphism given by the SG-module structure of P,. If B = #(SG) then Sz OS B = End&B @ P,) = End,(M,). This implies B = End,(P,) so 4 is an epimorphism. Keeping the notation preceding Proposition 1, the restriction of 4 to SORrX,, A gives an epimorphism of S-Azumaya algebras which is a monomorphism on S and therefore a monomorphism. Thus, SORCX,, A zEnd,(P,) and S is a splitting ring for A. By Theorem 2.5.5 of [6] for 'all o~Aut(K+).
Therefore, E,EQ, and thus q-1 (mod n) or q=n=2. Q.E.D.
The exponent of @(K) for any algebraic number field K is the order of the group of roots of unity in K. Lemma 2(2) implies that this statement fails in local fields, for example, for QJE~) with q > 2.
For a positive integer n let C, denote the cyclic group of order IZ. 
By Theorem 8.12 of [23], Y'(Q(E~)) @ Q(s12) = Y(Q(cIZ)). Thus, [A] -[BO Q(+)] with [B] E ~(Q(E~))
, so ind,B $4. Suppose that 9 is a Q(E~) prime above 5 and that 4 is a Q(E~~) prime over 9. From [9] we have invBA =inv+B@~Q(&~~)= jQS(s12): Q5(~q)j inv,B=2invqB (mod 1). Since indSB<4 then ind,A <2. [23, p. 1321 . We can make a little more precise statement. First note that Q(E,) = Q(E+) whenever n = 2 (mod 4). Let k be a perfect field and t an indeterminate. In [4] it was shown that B(k[t, t-l]) = B(k)@&, where G is the Galois group of k and G = Hom(G, Q/Z) is its dual. In the last paragraph on page 334 of [3] We conjecture that if @c(R) # 0 then e(R) contains an element of order 2.
EXAMPLE.
Let p(x) E lw[x] with p(x) square free of degree 2n + 1 and with 2n -t-1 real roots. Let R = rW[x, y]/(y* -p(x)). Then R is the coordinate ring of a nonsingular real curve with n + 1 real components (in the Euclidean topology). Let D E Aut(R) be given by g(x) = x, o(y) = -y, and let N: R -+ R by N(a) = so(a). If u~Units (R) then N(u) is a unit. After checking that N(u) E rW[x] for any u E I?? one can check Units(R) = Units@). Thus, Aut(R) = Aut,(R). Following the exposition on page 276 of [ 121, by choosing the roots of f(x) in general position, Aut,(R) = 6,. It follows that the n -t 1 real components of Spec(R) are not permuted by any element in Aut(R). The deskription of Azumaya algebras A over real curves given in [4] or [S] makes it clear that for any z~Aut(R),
[A] = [A,] so a!(R) = B(R) = (C,) (n+ ') On the other hand, 9'(R) = C2 in this case.
We conclude with 'an example where both Y(R) si Q(R) and %(R) & Y(R). This example arose in a conversation with G. Greenfield. EXAMPLE 3. Let qi= 1 + 2pi for i= 1,2, where pl, p2, ql, and q2 are distinct odd primes. Let K (I) = Q(eqI + .zg;l, Ed,), and let aI be a I$') prime above qz. Set R=K(')@K t2). By (2) of Lemma 2, @(Kc')) has order 2pi, whence q(R) has a% elen&t of order pi for i= 1,2."(However, q(R) does not have an element of order 2.) On the other hand, Y(R) z Y(K(l)) 0 Y(Kc2)) Theorem 4.41 V2 ' where Y(Kg)) has order 2 for i= 1,2 [23, 
